The axisymmetric five-body problem with the concave configuration has been studied numerically to reveal the basins of convergence, by exploring the Newton-Raphson iterative scheme, corresponding to the coplanar libration points (which act as attractors). In addition, four primaries are set in axisymmetric central configurations introduced byÉrdi and Czirják [13] and the motion is governed by mutual gravitational attraction only. The evolution of the positions of libration points is illustrated, as a function of the value of angle parameters. A systematic and rigorous investigation is performed in an effort to unveil how the angle parameters affect the topology of the basins of convergence. In addition, the relation of the domain of basins of convergence with required number of iterations and the corresponding probability distributions are illustrated.
Introduction
In celestial mechanics and dynamical system, the problem of N -bodies still remains, undoubtedly, one of the most interesting and challenging topics. In particular, a plethora of research papers are available on the restricted problem of N -bodies for N = 3, 4 in classical as well as when the effective potential of the classical version of restricted problem of three and four bodies has been modified by including various type of perturbing terms due to considering the additional forces (e.g., [1] [2] [3] [4] [5] [6] 19] , [12] , [7] ). These research topics have various practical applications in the field of planetary physics and in galactic dynamics. Therefore, the general extension of N −body problem is the study of problem of N -bodies for N > 4 (e.g., [16] ). In few decades, the restricted problem of N = 5 bodies has fascinated many researchers and scientists. The restricted five-body problem deals with the motion of the test particle (with an infinitesimal mass relative to the primaries), under the combined effect of gravitational pull of four primary bodies.
A profusion of research papers are available on the topic of restricted five-body problem where the motion of the test particle is investigated under various perturbing forces in addition to gravitational force. The restricted problem of five bodies is to study the motion of the test particle under the gravitational field of four primary when three primary bodies are placed on the vertices of equilateral triangle while one primary is placed on the center of mass of the system (e.g., [17] ). Moreover, the extra perturbations are included in the gravitation potential by many authors, viz., the effect of radiation of primaries in the context of five-body problem (e.g., [18] ), the effect of variable mass in the five-body problem (e.g., [26] ). The existence of the libration points in the axisymmetric five-body problem has been studied in [14] by considering the configuration of [13] . In the study of N -body problem, knowing the positions of the libration points is an important issue as the position of the test particle remains unperturbed relative to the primary bodies. Unfortunately, except the restricted three-body problem, we do not have explicit formulae to determine the positions of the libration points for N > 3-body problem. However, the only possible way is to use one of the available numerical method to determine the positions of the libration points in these type of systems, i.e., we require to use multivariate iterative method to solve the non-linear system of equations. The multivariate version of the Newton-Raphson iterative scheme is one of the well known method to solve these equations. The well known fact is that every iterative scheme depends strongly on the choice of the initial conditions (i.e., the starting value for an iterative method) used. Moreover, it is also necessary to note that the iterative scheme converges quickly for some of the initial conditions, where as for other initial conditions it may take a huge number of iterations to converge or some of the initial conditions do not converge to any of the libration points (which act as attractors) or for some initial conditions, the iteration scheme may enter into an endless cycle in a periodic or aperiodic manner or may diverge to infinity. In available literature concerning, the various iterative schemes unveil that the initial conditions which fall into the domain of the basins of convergence, and located in the fractal regions require a considerable number of iterations to converge at one of the initial conditions. These facts provide considerable amount of reasons to justify the study of the basins of convergence associated with the libration points of any dynamical system. Therefore, we can select easily those initial conditions for which the iterative scheme converges to predefined attractors with lowest number of iterations.
Thus, the Newton-Raphson iterative scheme to determine the basins of convergence associated with the libration points, provides intrinsic properties of the dynamical system. A series of literature is available which deals with the basins of convergence associated with the libration points in various type of dynamical system such as the restricted three-body problem (e.g., [29] , [24] ), the restricted four-body problem with and without various perturbations (e.g., [15] , [8] , [9] , [20, 21] , [30, 31] , [22] ), the restricted five-body problem (e.g., [34] ), the Hill's problem (e.g., [10] , [33] ), pseudo-Newtonian three and four body problem (e.g., [32] , [25] ), the Copenhagen problem (e.g., [35] , [23] ), or even the Sitnikov Problem in three and four body problem (e.g., [11] , [36, 37] ). The present paper is described with following structure: the basic properties of the model of axisymmetric five-body problem are presented in Sect.2. In Sect. 3, we illustrate the parametric evolution of the libration points of the system. The following section deals with the NewtonRaphson basins of convergence where the numerical outcomes are presented. The paper ends with Sect. 5 where the outcomes of the research are provided.
Properties of the dynamical system
The dynamical system investigated in the paper mainly contains four primary bodies P i , i = 1, 2, ..., 4, which move, in circular orbits around their common center of mass. A fifth body with infinitesimal mass in comparison of mass of the primaries, always referred as test particle, is moving under the gravitational pull of these primaries whereas its motion does not influence the orbits of any primaries. To study the motion of infinitesimal mass is always referred as the restricted five-body problem.
The primaries P i with masses m i and coordinates (x i , y i , z i ) are taken in planar reference plane where the line joining the center of the primaries m 1 and m 2 is Ox-axis while the line perpendicular to Ox-axis and passes through the center of mass of the four-body system with co-ordinate (0, g, 0) is considered as y−axis. In particular, when g = 0, y 3,4 = 0, the center of mass coincides with the origin of the coordinate system and the Ox−axis remains the axis of symmetry. Therefore, we obtain a symmetric configuration where two equal masses m 3,4 are placed opposite to each other and are symmetrical about the Ox-axis. In the present scenario, it is assumed that (m 2 ≥ m 1 ), whereas (m 1 ≥ m 2 ) is the mirror configuration.
According to [13] , there are three possible configurations of four bodies with an axis of symmetry passing through the center of two bodies (P 1 and P 2 ), whereas the two other bodies of equal masses (P 3 and P 4 ) are situated symmetrically with respect to this axis. Furthermore, the point F located on the axis of symmetry, is the middle point of line joining the center of primaries P 3 and P 4 . In addition, let us take O the center of mass of P 1 , P 3 and P 4 and O is the center of mass of the entire system. On the basis of the position of the points F , O, and O , the following configurations are possible: (a) the convex configuration: when the point F lies between the primaries P 1 and P 2 . (b) The concave configuration: (i) first concave configuration: the primary P 2 lies between F and O , (see Fig. 1a ) and (ii) second concave configuration: the primary P 2 lies between O and P 1 (see Fig. 1b ).
In the present paper, we have considered only the second case, i.e., the concave configuration. According to [14] , the time-independent effective potential of the axisymmetric five-body problem, in a synodic coordinates system Oxyz is represented by following expression:
where (x, y, z) are the coordinates of the test particle, while r i are the distances of the test particle from the primaries P i , respectively and
and the values of the remaining parameters are presented in Appendix A. Since, we have considered the concave case only, the angle coordinates α and β must satisfy the following inequalities:
• First concave case:
• Second concave case:
Applying the transformation from the inertial to the synodic coordinate system, while scaling the physical quantities, the motion of the test particle in the rotating frame of reference is governed by the following equations: The dynamical system where the motion is governed by the equations (2a-2c) admits only one integral of motion (also called Jacobi integral). The corresponding Hamiltonian is
whereẋ,ẏ, andż are of course the velocities, whereas the numerical value of Jacobian constant is represented by C and it remains conserved.
The libration points of the system
In the following section, we will determine how the angle parameters influence the dynamical attributes of the coplanar libration points.
The necessary and sufficient conditions, which must be satisfied to determine and depict the positions of libration points, are:
The required coordinates of the libration points can be evaluated by solving the following system of the first order partial derivatives, numerically:
where
The intersections of the nonlinear equations Ω x = 0, and Ω y = 0 illustrate the positions of the libration points on the (x, y) plane (see Fig. 2, 3 ).
The first concave case
We start our analysis with the first concave case where we have considered three set of values of the angle parameter α and accordingly the values of the angle parameter β are as follows:
, there exist 9 libration points, in which 3 are collinear and 6 are non-collinear.
When α is 57
• ,
, there exist 9 libration points, in which 3 are collinear and 6 are non-collinear. -β ∈ [4.492
• , 24 • ), there exist 9 libration points, in which 3 are collinear and 6 are non-collinear.
When α is 58
• ], there exist 11 libration points, in which 3 are collinear and 8 are noncollinear.
-β ∈ [8.741
• , 10.001 • ], there exist 13 libration points, in which 3 are collinear and 10 are noncollinear.
-β ∈ [10.002
• , 26 • ), there exist 9 libration points, in which 3 are collinear and 6 are non-collinear.
The evolution of the positions of the libration points in the first concave case are depicted in Fig. 4 , where three set of the angle parameter α are considered for it. In move along x−axis towards m 2 . Moreover, the position of libration points L 1,2 first move from left to right and then it start to move from right to left. It is also observed that the positions of the primaries are not fixed on the contrary these positions vary with the increasing value of angle parameter β. The positions of the primaries move from left to right along the straight line.
In Fig. 4b , the parametric evolution of the positions of libration points are illustrated for α = 57
• , where the number of libration points are either nine or eleven in different intervals of the angle parameter β. • ], nine libration points exist, shown in magenta line maintain their movement. It is interesting to note that the movement of the positions of the primaries are reversed i.e., now they move from right to left. But the movement of the position of the primary m 2 again changes and it move from left to right for β = 8.405
• . The movement of the position of the libration point L 1 is left to right when β ∈ (0 • , 4.491 • ] whereas its movement reversed in direction when β ∈ [4.492
• , 24
• ). The movement of the positions of libration point are depicted in Fig. 4c , for α = 58
• where the permissible range of β ∈ (0 • , 26 • ). In this interval of β, the number of libration points are either 9, 11 or 13. The movement of the libration points L 2,...,11 are same as in previous panel whereas the direction of libration point L 1 is left to right. Two new libration points L 12,13 exist for very small interval and the direction of the movement of these libration points are same as L 10,11 of the previous panel respectively.
The second concave case
We continue our analysis with the second concave case for two set of values of the angle parameter α and corresponding value of the angle parameter β are as follows:
-β ∈ [38.569
• , 44.402 • ], there exist 11 libration points, in which 5 are collinear and 6 are noncollinear.
-β ∈ [44.403
• , 60 • ), there exist 9 libration points, in which 5 are collinear and 4 are non-collinear.
When α is 73
-β ∈ (56 • , 60 • ), there exist 9 libration points, in which 3 are collinear and 6 are non-collinear.
The movement of the positions of the libration points in the second concave case is illustrated in Fig. (5) . The • and the permissible range of β ∈ (56 • , 60
• ) in which 9 libration points exist. We have observed that three libration points L 1,2,3 move from right to left along the x−axis. Moreover, the positions of the primaries are not fixed rather they move from left to right as the value of angle parameter β increases. We have also noticed that the libration points L 5,7,9 and L 4,6,8 move away from the primaries m 3,4 respectively opposite to the first concave case.
The basins of attraction
Undoubtedly, the Newton-Raphson iterative method is one of the well known method to solve the system of nonlinear equations. Applying the philosophy and technique used in the recent study by [21] , [22] , [29] [30] [31] [32] 34] , the well known Newton-Raphson basins of convergence or basins of attraction or even attracting domains are composed of sets of the initial conditions which lead to the same attractor are analyzed. For the configuration (x, y) plane, the iterative formulae for each coordinate are read as:
where Ω x , Ω y are given by Eqs. 6a, 6b respectively and In the following subsections, we explore how the angle parameters α and β influence the shape and geometry of the Netwon-Raphson basins of convergence in axisymmetric five-body problem, by considering two cases regarding the setup of the primaries, i.e., the first concave case and second concave case. In each subsection, the basins of convergence associated with the libration points are further analyzed on the basis of total number of libration points exist. The color coded diagrams are used to assign a different color for each nodes on the configuration (x, y) plane, according to the final state of corresponding initial condition. Moreover, it is necessary to note that the size of each color codded diagram (i.e., the minimum and the maximum values of x and y) is taken, in each panel, in such a manner so as to have a complete or zoomed view of the shape and geometry of the basins of convergence.
Case:I The first concave case
We start our analysis of the basins of convergence associated with the libration points by taking the first concave case, for three different values of the angle parameter α = 53
• , 57
• , 58
• and corresponding permissible range of β. In this case, there exist either 9, 11 or 13 libration points depending upon the various combination of the angle parameters. Therefore, we have considered three different subcases to reveal the effect of these angle parameters on the geometry of the basins of convergence.
when nine libration points exist
The analysis of the basins of convergence in this subcase start with those value of angle parameter for which the dynamical system possesses nine libration points.
For α = 53
• and permissible range of β, there is only nine libration points and therefore the basins of convergence associated with these libration points are depicted in Fig.(6) . It is seen that in all the considered value of angle parameter β, the configuration (x, y) plane contains various well-defined basins of convergence associated with the libration points, which are highly sensitive with the change in the value of angle parameter β. The extent of the basin of convergence associated to libration point L 2 is infinite whereas for the remaining libration points the domain of corresponding basins of convergence are finite. Moreover, the basins boundaries are composed of highly chaotic mixture of the initial conditions and the domain of the basins of convergence associated with the libration point L 2 increases as the angle parameter β increases. The domain of the basins of convergence associated with the libration points L 1,6,7 looks like exotic bugs with many legs and antenna where as for libration points L 4,5 (magenta and crimson) (see panel-6e) look like multiple butterfly wings which was very irregular in previous panels.
In Fig. 7 , using tones of blue, we have illustrated the corresponding number N of iterations to obtain the predefined accuracy. It is further observed that the initial conditions which lie in the domain of the basins of attraction have relatively fast (N < 15) convergence, whereas the initial conditions which lie in the neighborhood of the basins boundaries converge slowly (N > 15). Moreover, in Fig. 8 , the corresponding probability distribution of the required iterations is depicted. In Fig. 8 , the tail of the histograms decreases so as to cover 95% of the corresponding distribution of iterations. In addition, the red dashed line which shows the most probable number N * of iteration neither increases nor decreases constantly with the increase in β. Therefore, it is not possible to predict the most probable number of iteration for any predefined value of β. For this analysis, the probability is defined as P = N 0 /N t , if N 0 is the number of initial conditions (x 0 , y 0 ) converge, after N iterations, to one of the libration points and N t defined as the total number of nodes in every color codded diagram.
In Fig. 9(a, d, g ), the basins of convergence associated with the libration points for the case α = 57
• and β = 1
• , 1.5
• , 2.5
• respectively are depicted. In addition, convergence linked with the non-collinear libration points are identical and exist in pairs.
* Major basins areas for the first panel lie on the left of the origin whereas, the same lie on the right for the panel d. A slight variation in the value of β brought a large change in the geometry of the corresponding basins of convergence. Therefore, difficulty to predict the change in the geometry is going to be a herculean task.
* It is observed that the boundaries separating the major basins geometries are chaotic in nature. Further, the prediction of convergence of the respective boundaries for the initial conditions of the basins of geometry is very difficult. It is observed that the boundaries, separating the major basins are not only chaotic but also their convergence corresponding to the initial conditions associated with the libration points can't be predicted aptly.
* A further increase in the value of β (β = 2.5
• ) ultimately resulted in shrinking of the domain of convergence corresponding to the finite extent. Further, a tendril, originating from the antennas of the bug-like geometry of the basins, appears.
* The distributions of the corresponding number N for the iterations to obtain the Newton-Raphson basins of attraction are shown using the blue shades (see Fig. 9(b, e, h) ). An analysis of these figures reveals that the initial conditions inside the attracting regions converge relatively faster than those of the initial conditions which lie in the vicinity of the basins boundaries.
* The probability distribution of the iterations illustrated in Fig. 9 (c, f, i) unveils that the most probable number N * of the iterations is not constant. Its value decreases with the increase in the value of β, i.e., N * = 14, 13, 10 for the corresponding values of β = 1
• respectively.
In Fig. 10 , we have plotted the Newton Raphson basins of attraction associated with the libration points in which the case under investigation takes into consideration of a scenario wherein 9 libration points exist, i.e., when α = 57
• . The evolution of the geometry of the basins of attraction for four values of the angle parameter β has been illustrated in Fig. 10 (a, d, g, j) . It is seen that in all the cases, the configuration (x, y) plane is covered by many well defined basins of convergence associated with the libration points. The extent of the basins of convergence associated with all the libration points except L 2 is finite. Further, in the vicinity of the basins boundaries a highly chaotic mixture of initial conditions is observed. The basins boundaries are highly chaotic and hence the final state (attractor) of the initial conditions inside the area is super sensitive. Particularly, even a slight change of the initial conditions leads to a completely different attractor. This ultimately means that the prediction of the final state (libration point) is almost next to impossible for such above mentioned initial conditions in the basins of boundaries.
An increase in the value of angle parameter β, for the structure of configuration (x, y) plane, leads to drastic change in the basins of convergence associated with the libration points.
Gradually changes in the configuration (x, y) plane for the increasing value of the angle parameter β can be summarized as follows:
• In Fig. 10a , when the value of β = 5
• , most of the area is found to be covered by a chaotic sea composed of several initial conditions.
• Further, when β = 23
• , the chaotic sea of the initial conditions found to be condensing into well defined basins of convergence. This phenomenon continues to condense further gradually with the increase in the value of angle parameter β and finally leads to a butterfly wing shaped domain of convergence, corresponding to the libration points L 4 and L 5 in Fig.  10j .
In Fig. 10(b, e, h, k) , number N , which corresponds to number of iterations required to converge the particular initial condition to one of the attractor, has been presented through blue colored shades. More dark blue regions mean, more number of iteration points, are involved. Figure 10b represents that most of the initial conditions lying in chaotic sea require more number of iterations whereas, the initial conditions inside the domain of basins of convergence require less number of iteration points to converge.
In Fig. 10(c, f, i, l) , the corresponding probability distribution for the most probable number of required iterations N * are illustrated. This reveals that the number first decreases from 11 to 8 in first three panels while it increases to 15 in the last one. Hence, it is not possible to predict the value of N * with the increase in value of angle parameter β. Figure 11 (a, d, g ) represents the basins of attraction wherein 9 libration points exist. This figure has been drawn for fixed value of α and different values of β. We may note that extent of basins of convergence associated with libration point L 1 is infinite in Fig. 11a whereas in other two figures (i.e., Fig. 11 d, g ) infinite extent is for the libration point L 2 . In Fig. 11d , more chaotic area is in the left side of the origin whereas, in Fig. 11g , it is in the right hand side of the origin. In Fig. 11(b, e, h ), the distribution of the required number of iteration are illustrated. It is revealed that the most of initial conditions converge to one of the attractors for N < 15 whereas for the initial conditions falling inside the basin boundaries require more iterations to converge at one of the attractors. As the value of β increases the most probable number of required iteration decreases from 22 to 13 (see. Fig. 11(c,  f, i) ).
In Fig. 12 , the basins of convergence associated with libration points are presented for fixed value of α = 58
• and four different value of β where nine libration points exist. One can note that there is substantial effect of the angle parameter β on the topology of the domain of the basins of convergence. In Fig. 12(a, d, g, j) , the extent of the basins of convergence is finite corresponding to each libration point except L 2 . Looking at Fig. 12a , we observe that the domain of basins of convergence is well shaped and resemble with island shaped region surrounded by the chaotic sea composed of the initial conditions. There exist three chaotic bugs corresponding to the libration points L 1,6,7 surrounded by the basins boundaries. These basins become regular with the increase in the value of β.
The distribution of the corresponding number N of iterations, required to obtain the predetermined accuracy, is depicted in Fig. 12(b, e, h, k) and majority of initial conditions converge for N < 30 to one of the attracting domain while in the panel-k, the number of iterations required to converge, for an initial condition to one of the attractors, increases to N > 45. Moreover, the most probable number N * of the iterations increases as the parameter β increases (see, panels-c, f, i, l).
when eleven libration points exist
The present subsection deals with the case where eleven libration points exist for different interval of the angle parameter β. In Fig. 13 , the basins of convergence are presented for fixed value of α = 57
• and three different values of the angle parameter β. It can be observed that the domain of the basin of convergence associated with libration point L 2 is infinite while for remaining other libration points, the domain of the basins of convergence are finite and well formed in shape. In addition, it is noticed that the majority of the area on the configuration (x, y) plane is covered by the finite domain of the basins of convergence associated with the libration points L 10 and L 11 which looks like a butterfly wing and symmetrical with respect to x−axis. As we increase the value of β, the butterfly wing shape region shrinks and its shape changes, so that two antenna shaped area originate and the whole shape of the basins of convergence turn into exotic bugs shaped region with huge wings and antennas (see Fig. 13(a, d,  g) ).
The distribution of the corresponding number N of iterations, required to obtain the predetermined accuracy, is depicted in Fig. 13 . In panels (b, e, h), majority of initial conditions converge for N < 25 to one of the attracting domain. Moreover, the most probable number N * of the iterations decreases as the parameter β increases (see, panels-c, f, i).
In Fig. 14 , the basins of convergence are depicted for the fixed value of α = 58
• and various value of the angle parameter β. We observed that there is significant change in the overall structure of the basins of convergence. In the first three panels of Fig. 14(a, d, g, j) , the overall structure decreases while in the panel-j, it increases. Therefore, the overall structure composed of the finite domain of convergence will either shrinks or expands with the increase in angle parameter β. In panels-(c, f, i, l), the corresponding probability distribution is shown while the most probable number of required iterations N * are illustrated in panels-(b, e, h, k). This reveals that the number N * first decreases from 13 to 8 in first three panels while increases to 9 in the last panel. Therefore, it is not possible to predict the value of N * with the increase in value of angle parameter β.
when thirteen libration points exist
We continue our analysis with the case where thirteen libration points exist for fixed value of α = 58
• and three different values of β = 8.9
• , 9.5
• and 10
• are illustrated in the Figs. 15(a, d, g ) respectively. One may observe that for this particular value of α and various increasing values of β, the extent of the basins of convergence associated with the libration point L 2 is infinite, whereas for the other libration points L 1,3,4,...,13 are well formed and finite. We have further observed that the overall structure on the configuration (x, y) plane which is composed of all the various domain of the convergence associated with the libration points shrinks rapidly as the angle parameter β increases. The distribution of the corresponding number N of iterations, required to obtain the predetermined accuracy, is depicted in Fig. 15(b, e, h ). In the panels (b, e), majority of initial conditions converge for N < 10 to one of the attracting domain. In panel-h, the number of iterations required to converge, for an initial condition to one of the attractors, increases to N > 15. Moreover, the most probable number N * of the iterations is not constant with the increase in parameter β, on the contrary this number occurs randomly (see, panel-c, f, i).
Case:II The second concave case
We further continue our analysis with the second case where we have discussed the second type of concave case, for two different values of the angle parameter α and corresponding permissible range of β.
when nine libration points exist
In this case, we investigate the Newton-Raphson basins of convergence associated with the libration points for the fixed values of α = 61
• and β varies in the interval [(32 + Fig. 16 (a, d, g, j) , we have shown the basins of attraction for four different value of β. In Fig.  16(a, d) , it is observed that a bug shaped region with many legs occurs which corresponds to the collinear libration point L 2 . Moreover, the overall shape of the basins of attraction corresponding to the libration points whose domain of convergence look like bugs with multiple butterfly wings. Further, it may be noted that the domain of convergence corresponding to the libration point L 3 extend to infinity whereas, the area of all other basins of convergence associated with other libration points is finite. Furthermore, a large portion of the configuration plane is covered by well-formed basins of attraction. The boundaries between the different basins of convergence are highly chaotic which is composed of the different initial conditions. Thus, the choice of a initial point is very sensitive i.e., a slight change in initial conditions leads to entirely different destination and it is extremely difficult to predict in advance. In Fig. 16(g, j) , we have observed a drastic change in the topology of the basins of convergence for the different values of angle parameter β. In both the panels, it is unveiled that the majority of area of the configuration plane is covered by well formed basins of convergence associated with the libration points. Also, a good amount of the areas of the configuration plane is covered by the region which is highly chaotic in nature. This chaotic region is composed of the various initial conditions which converge to different attractors.
In Fig. 16(g) , the basin of convergence associated with the collinear libration point L 2 is infinite while in Fig.  16(j) , the infinite extent of the basin of convergence is associated with the collinear libration point L 1 .
Moreover, only the vicinity of boundaries of these basins of convergence exhibit the highly fractal structure which behave alike "chaotic sea". This implies that in these areas it is almost impossible to judge which of the libration point, each initial condition attracted by.
From these two panels, we may observe a very interesting phenomenon related to the basins of convergence. The overall topology of the basins of convergence looks reversed mirror image of each other, however their scale are different. Thus, it can be stated that if we increase the value of the angle parameter β, the structure of the configuration plane changes drastically, i.e., it does not follow the specific pattern.
In Fig. 16 (b, e, h, k), using tone of blue, we have shown the distribution of the corresponding number (N ) of iterations to obtain the desired accuracy. It is also observed that initial conditions which lie in the domain of basins of convergence have faster rate of convergence when N < 20 whereas for N > 20, the rate of convergence is slower. In panel (k), it is observed that required number of iterations is very less i.e., N ≤ 5, for those initial conditions which lie in the basins of convergence corresponding to the libration points L 1,2,3,8,9 whereas the initial conditions falling inside the area which is chaotic mixture os initial conditions, the required number of iterations increases i.e., N > 35. Similarly, in Fig. 16 panels (c, f, i, l) , the corresponding probability distribution of iterations is shown. If we increase the value of angle parameter β, the most probable number • to 36
• whereas, for β = 38.5
• , the number N * slightly increases. In Fig. 17 (a, d, g, j) , we have illustrated the NewtonRaphson basins of convergence for four different values of the angle parameter β. In this case, the changes in the configuration plane due to the variation of angle parameter in last three panels are not so prominent as it was in the previous case still it can be observed that the domain of basins of convergence corresponding to the libration points L 6,7 increases as β increases. The domain of convergence corresponding to the libration point L 9 is infinite whereas for all other libration points it is finite. The exotic bugs with many legs and antennas like shape of the basin of attraction corresponding to libration points L 6 and L 7 increase continuously as β increases. The domain of the basins of convergence corresponding to the libration point L 3 which lies in the plane x < 0 increases while it decreases for the plane x > 0 as β increases.
In Fig. 17 (e, h, k) , the corresponding number (N ) of required iterations for desired accuracy is shown. It is noticed that more than 95% of the initial conditions on the configuration plane of this iterative scheme requires not more than 20 iterations to obtain the desire accuracy whereas for the panel (b), the required number of iterations to converge the libration point L 8 is greater than 20. The probability distribution of iterations is shown in Fig.  17 (c, f, i, l) . The value of required number (N ) of iterations decreases as the value of angle parameter β increases. It was measured N * = 6 as the least value calculated for β = (60 − • . In the following figure, we have drawn the basins of convergence associated with the nine libration points in the second concave case. In Fig. 18 , we have shown the basins for the fixed value of angle parameter α = 73
• and for four different values of β. We have observed that there is a drastic change in the topology of the finite domain of basins of convergence associated with the libration points as β increases. For β = (56+ • , Fig. 18a , it has been observed that all the non-collinear libration points are sym-
(g) (h) (i) metrical with respect to x-axis. We have also observed that the extent of basins of convergence corresponding to the collinear libration point L 3 is infinite while, for remaining libration points, the domain of basins of convergence are finite. Further, it is also observed that most of the area in the configuration plane (x, y) is covered by the finite domain of the basins of convergence associated with the libration points L 4,5 and both are symmetrical with respect to the x−axis. The region corresponds to L 1 is chaotic with very low density. The basins corresponds to L 2 form a caterpillar shape along the x-axis and some chaotic region as well. The libration points L 6,7 look like butterfly with wings and many antennas having low density. The basins correspond to L 8,9 form a bat shaped region. Fig. 18 panel-(d, g, j) has been plotted for β = 57
• , 59
• respectively. It has been observed that in panel-d, the basins of convergence take a shape of babugosha whereas in panel-g it looks like a watermelon. Is is also observed that the domain of basins of convergence corresponding to the libration points L 8,9 increases continuously as β increases.
In Fig. 18 panels-(b, e, h, k), we have shown the corresponding number N of iterations to obtain the predefined accuracy. It is also observed that most of the initial conditions which lie in the domain of the basins of attraction have relatively faster rate of convergence for N < 20 whereas, for N > 20 have slower rate. Fig. 18 panels-(c, f, i, l) show the corresponding probability distribution of the iterations and most probable number N * of the iterations is found. We have observed that the value of N * does not follow any pattern corresponding to the increasing values of β. 
when eleven libration points exist
In this last subsection, we have discussed the basins of convergence associated with the libration points in the second concave case, for which 11 libration points exist. The points when β increases. For β = 39
• , Fig. 19 panel-a, we have observed that all the non-collinear libration points are symmetrical with respect to x-axis. An interesting phenomenon is also observed that the extent of basins of convergence corresponding to the collinear libration point L 11 is infinite whereas, for all the other libration point, the domains of basins of convergence are finite. Further, it is also observed that most of the area in the configuration plane (x, y) is covered by the finite domain of the basins of convergence corresponding to the libration points L 8,9,10 in which L 8,9 are symmetrical with respect to x−axis and L 10 encloses the topology of the basins of convergence associated with finite domains. The basins of convergence linked with the libration points L 1,6,7 alike butterfly with wings and many antennas in which L 6,7 are symmetrical with respect to x−axis and cover more area than the area covered by L 1 . The basins of convergence associated with the libration points L 3,4,5 look like the flying birds whose wings are tied with each other mutually. Moreover, L 4,5 are symmetrical but L 3 covers the majority of area than L 4,5 . Fig. 19 panel-d has been drawn for β = 42
• , a sudden change in the structure of the basins of convergence associated with the libration points has been observed. From the water melon shape (in previous panel), its shape changes to horizontal teddy-bear shape. In this panel, the majority of the area on the configuration plane is covered by the finite domain of convergence corresponding to the libration point L 2 which is green in color. All the basins of convergence are originating from the center of the teddy-bear.
In Fig. 19 panel-g, we have taken β = 44
• , a drastic change in the basins of convergence is occurred and most of the area on the configuration plane is covered by the finite domain of convergence corresponding to the libration point L 3 (yellow color). We have observed that the domain of basins of convergence is well shaped and surrounded by the chaotic sea composed of the initial conditions.
In Fig. 19 panels-(b, e, h ), we have illustrated the corresponding number N of iterations to obtain the predefined accuracy. It is also noticed that most of the initial conditions which lie in the domain of the basins of attraction have relatively fast convergence (N < 10) whereas, for N > 10 have slow rate of convergence. In Fig. 19  panels-(c, f, i) , the corresponding probability distribution of the iterations are shown and most probable number N * of the iterations is found. We have observed that the value of N * is neither increasing nor decreasing as we increase the values of β.
Concluding remarks
In the present paper, we have expanded out the work initiated in our Paper-1 [27] by taking the case of concave configuration to discuss the topology of the basins of the convergence associated with the libration points for different values of the angle parameters α and β. In the presented model of the restricted five-body problem, we have considered two different configurations namely, the first concave case and the second concave case regarding the concave configuration in which we have considered three (in first concave case) and two (in second concave case) different values of the angle parameter α and the corresponding permissible set of the values of the angle parameter β. In both the cases, it is observed that the total number of libration points as well as their positions strongly depend upon the angle parameters α and β. However, the numerical calculations revealed that these libration points are linearly unstable for all the combinations of the angle parameters taken.
One of the other aspect of the present work is to study the basins of convergence associated to the libration points of the dynamical system by using the multivariate version of the Newton-Raphson iterative method. These basins of convergence unveil the fact how the libration points (which act as attractors) attract each point on the configuration (x, y) plane. To the best of our knowledge, this is first time where this mathematical model is chosen to perform a systematic and thorough numerical investigation, regarding the basins of convergence and this fact reveals the novelty and importance of the present work.
The main results of the numerical calculations can be summarized in following statements: * The total number of libration points are either nine, eleven or thirteen which are unstable for the considered values of the angle parameters.
* It is observed that the configuration (x, y) plane is composed of the mixture of the basins of attraction and highly fractal regions. The value of the angle parameters is very sensitive as a slight change leads to a completely different topology of the basins of convergence. Moreover, any choice of initial conditions in the fractal regions is completely unpredictable about its final state.
* In most of the cases, the several basins of attraction are well-formed and very intricately interwoven. The chaotic regions are on the other hands mainly appear in the vicinity of the basins boundaries.
* The extent of the basins of convergence associated with one of the collinear libration points is infinite in all the cases while for the non-collinear libration points it is always finite.
* The presented iterative scheme was found to converge extremely fast for those initial conditions which fall in the vicinity of the libration points whereas, it is relatively very slow for the initial conditions lying in the neighbourhood of the basins boundaries.
* The required number of iterations to obtain the predefined accuracy varies in almost each combination of the angle parameters.
For all the calculations and the graphical illustrations, we used the latest version 11 of Mathematica [28] . Moreover, it is supposed that the present study and the obtained results will be useful in the field of basins of convergence in dynamical systems of the restricted five-body problem.
Appendix A. ) • .The color code for the libration points L 1 ,...,L 9 is same as in Fig 6; and non-converging points (white); (b, e, h, k) and (c, f, i, l) are the distribution of the corresponding number (N ) and the probability distributions of required iterations for obtaining the Newton-Raphson basins of attraction shown in (a, d, g, j), respectively; and non-converging points (white). (Color figure online).
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